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Task: create N copies of state p through thermodynamic
transformations
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Can this provide an advantage?



Correlations in standard thermodynamics

Work: (W) = AF

H = H, + H,, Téu):T[gl)@Téz)

W (W) =AF1+AF;+ kgTTiy > AF; + AF,

M@ Total correlations:
T2 = D(pllpr ® p2) = S(p1) + S(p2) — S(p12)

Correlations are costly



Thermodynamics as a resource theory

State (athermal states are resources)
p, Hs.

T[FDERMAL BIAT
Thermal bath (thermal states are free)

7B, Hp,
Hsp = Hg + Hp, psp = p® Tg.

Energy preserving unitary

Thermal operation (strict energy conservation)

o=trp[U(p® 71B)] Ulp®Ts), [U,Hs + Hp] = 0.

Necessary and sufficient (for block-diagonal) condition:
thermo-majorization

M. Horodecki & J. Oppenheim. Nat. Commun. 4, 2059 (2013)



Thermodynamics as a resource theory

p C Necessary and sufficient (for
block-diagonal states) conditions:

THEREIZLUBATH Set of inequalities (family of free energies)

{} Fo(p) > Fy(o), YaeR

Fo(p) = kg TDa (pl|T) — kT log Z
T = efﬁH/Z

o C

PR o®c a =1 — standard free energy

F. Brandao, et al. PNAS 112, 3275 (2015)



Deterministic work in the single-shot regime

Work extraction Work cost

Battery

p®[0)X0]y, — 7| WY Wy, TR|WYW|y — p®|0X0|
Extractable work Work of formation
Wext(P) = FO(p) - F(T) < VVform(p) = FOO(/’) - F(T)

Fundamental irreversibility



Deterministic work in the single-shot regime

Work extraction Work cost

Battery @

ERMAL

¥
P -

p@[0)0]y, = T WYX W]y, TRIWX W]y = p|0)0]y

e-deterministic work extraction: p > 1 —¢ Wi extr (P) = Fio 0 — F(7)
1
Th d iclimit:  lim —F§ (p®V) =F
ermodynamic limit:  lim 0,00(PF) (p)

Reversibility only achieved in the limit
F. Brandao, et al. PNAS 112, 3275 (2015)



Correlations in the single-shot regime

Correlated Correlations with Correlated
catalysts the catalyst subsystems
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Task: create N copies of state p through thermodynamic
transformations
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Single-shot work of formation of correlated

TN WY W] — pM@|0)0]

subsystems

C(p,N):{p(N) Dotr_y [p(N)] =p, Vi=1,...,N}

e C(p,N)
Pmin

work of formation of correlated subsystems
(c-work of formation):

. ()
Weorm (Pa N) p(N)IélCl&,N) Wiorm (p )



Solution for the N qubit case

pmm Z Mg |EXE En energy spectrum of the N qubits
Ee&y
%6_’8E if B S g]pv C gN [ Thermal

= R
AE = 5%6_66 ifE=c¢

0 otherwise |‘| H
s €1[0,1] =LA s

The work of formation and extractable work are

zy zy
Weorm (p, N) = kBTlogTS Wext(p, N) = kp T log =5

Z is the partition function of a system in thermal equilibrium at
temperature T with spectrum &4 U {e}.



Work / kgT

c-work of formation (N = 3 qubits)
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——= AF(p)
— Wform (P)
—— Wiom(p, N)/N

Wforrn (

N
pI(I’lir)l

) < NWiorm(p)

p=(1—p)[0)X0] + p|1)1]



Work / /CBT

c-work of formation (N = 3 qubits)
1.0

——= AF(p)

— Wform(p) II
0'8— — Wform(p’N)/N . /I

()N yai

0.6 -
0.4
0.2+
0.0

Total correlations: Z(p)

1.0

D (pM]|p=N)

p=(1—p)[0)X0] + p|1)1]



c-work of formation

Weorm (s N) / Wiorm (p)
[V
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ot
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Region where
Weorm (0, N) = Weorm(p)

N correlated copies have
Wieorm(ps N) = Wiorm () same cost as only one p




c-work of formation
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Region where
Wiorm (p7 N) = Wiorm (P)

Weorm (s N) / Wiorm (p)
[V
o
1

N correlated copies have
Weorm (9 N) = Wiorm () same cost as only one p

=
ot
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1.0 <
T T T T T T T

0.0 0.2 p-rg P+ 0.6 0.8 1.0
p

Do we always obtain an advantage with correlations?

No, correlations are costly if
I(p(N)) > Nﬁ( Wform(p) - AF(p)) - Wform(pv N) > NWform(p)

Bound on amount of useful correlations



Reversibility

1.0 1
-== AF(p)
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p= (1= p)|OX0| + p|1X1]



Reversibility

o o =
o [0’} (=)
1 1 '

Work / kgT
o
=~

AF(p)
Weorm ()
Wiorm(p, N) /N
Wexi(p, N)/N
R*-states

Reversible
state

p= (1= p)|OX0| + p|1X1]



Reversibility

T T8
¢ & w Wform = ext
T Ts ]
‘ which implies
w
g
D g only one free energy (standard one)
05,0
[T Thermal
1 _—-BE fEc&’ & (= RPN
~ € N N
Irreversible

>\E = %G_BE |f E =€ contribution
0 otherwise [I” H/UDD

Irreversible work: Wiir = Wiorm — Wext = (1 — s)gn(e)e 7/ Z

Reversible states: s =1  (thermal state over reduced support)



Reversible states

= @ Tp
8
5 Th W Key properties
T8
1. Wform = ext

‘ 2. Fa = F1 Vo
" P ol r only the standard free energy

P LP P
3. Are a thermal state over a reduced support
4. Simple relation between work, free energy, and correlations:
W(p,N) = NAF(p) + kgTT

5. Transformations between reversible states ruled only by free energy
difference = we can use this to define reversible heat engines with
deterministic work extraction ... (work in preparation)

6. They are dense: € > 0, N = O(1/e), p* rev., s.t. ||p — p*(e)|| <e.



Density of reversible states & Thermodynamic limit

Wform(pa N)/N
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Density of reversible states & Thermodynamic limit
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Density of reversible states & Thermodynamic limit
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Density of reversible states & Thermodynamic limit

Wform(pa N)/N

1.0 1

o o
o o0
1 1

Work / kgT
o
~




Thermodynamic limit

Let p be any local state of a system S. Then

N

AF(p)

where W either Wigrm Or Weyi of pin]\i]) Convergence O(log N/N).

n°

Weorm /N Wier /N
We recover standard

results with total
. correlations

Z(p\1)) ~ O(log N)
Q .

correlations per particle

vanish as N = o
AF(p) [% L

AF(p){ o %o 20 9% w0030 L EL()- R0




Generalizations

» Local states of arbitrary dimension D.
» Arbitrary different local states (i.e. not only copies).

> Generalization of the thermodynamic limit:

Let (ptM), ED), ..., (pM), EN)) € REY an i.i.d. sample with
arbitrary distribution D. Let Wy be the c-work of formation of

a system with local states p; defined by population p(? and
spectrum E(). Then

WN N—>oo

A (AP,

where

<AF>D:/QAF(]77 E)f(p, E)dpdE



Summary [Nat. Commun. 10, 2492 (2019)]

> Work of formation of correlated systems in the
single shot regime.

» Correlations can reduce the work cost in the
creation of multipartite states with local constraints, {}
but they are costly if they are bigger than a given
upper bound. P

> Reversibility appears naturally when the work of
formation of correlated systems is studied.

» We can recover standard results in the
thermodynamic limit with correlations per particle e o
O(log N/N). L34

Further research

» Can we extend these ideas to states with coherence? ~

> Reversible heat engine with deterministic _
single-shot work extraction. R




