
Work fluctuations in 
quasistatic processes
Matteo Scandi, Harry J. D. Miller, Janet Anders, 
Martì Perarnau-Llobet

arXiv:1905.07328



Quasistatic processes



Quasistatic processes

S



Quasistatic processes

S B



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

S B



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

S B



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B

λi

λj



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B

λi

λj

W =



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B

λi

λj

Hi

Hf

W(Hi, Hf, )W =



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B

λi

λj

Hi

Hf

W(Hi, Hf, )W =W(Hi, Hf, γ)

γ



Quasistatic processes

H({λt}) = ∑
i

λi
t Xi

Controllable parameters

Observables

S B

λi

λj

Hi

Hf

T ≫ τ

W(Hi, Hf, )W =W(Hi, Hf, γ)

γ



Classical case



Classical case

W =



Classical case

W =W = ΔF



Classical case

W = ΔF +
Wdiss

T
W =W = ΔF



Classical case

W = ΔF +
Wdiss

T

�����

�(�����)

W =W = ΔF



Classical case

T ≫ τ W = ΔF +
Wdiss

T

�����

�(�����)

W =W = ΔF



Classical case

T ≫ τ W = ΔF +
Wdiss

T

�����

�(�����)

�����

�(�����)

Gaussianity1

W =W = ΔF

1 Specke, Seifert, arXiv:1905.07328



Classical case

T ≫ τ W = ΔF +
Wdiss

T

log ⟨e−β(W−ΔF)⟩ = 0

�����

�(�����)

�����

�(�����)

Gaussianity1

W =W = ΔF

1 Specke, Seifert, arXiv:1905.07328



Classical case

T ≫ τ W = ΔF +
Wdiss

T

log ⟨e−β(W−ΔF)⟩ = − β⟨Wdiss⟩ +
β2

2
⟨σ2⟩

log ⟨e−β(W−ΔF)⟩ = 0

�����

�(�����)

�����

�(�����)

Gaussianity1

W =W = ΔF

1 Specke, Seifert, arXiv:1905.07328



Classical case

T ≫ τ W = ΔF +
Wdiss

T

log ⟨e−β(W−ΔF)⟩ = − β⟨Wdiss⟩ +
β2

2
⟨σ2⟩

log ⟨e−β(W−ΔF)⟩ = 0

�����

�(�����)

�����

�(�����)

Gaussianity1

W =W = ΔF

⟨Wdiss⟩ =
β
2

⟨σ2⟩
Fluctuations 
Dissipation 
Relation

1 Specke, Seifert, arXiv:1905.07328



Quantum work distribution



Quantum work distribution

Moment generating  
function



Quantum work distribution

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]Moment generating  

function



Quantum work distribution

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]Moment generating  

function

D 
y 
n 
a 
m 
i  
c 
s

S 
y 
s 
t 
e 
m



Quantum work distribution

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

S 
y 
s 
t 
e 
m



Quantum work distribution

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

S 
y 
s 
t 
e 
m



Quantum work distribution

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

Gibbs state πt := πβ(Ht)

S 
y 
s 
t 
e 
m



Quantum work distribution

Assumptions:

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

Gibbs state πt := πβ(Ht)

S 
y 
s 
t 
e 
m



Quantum work distribution

Assumptions:

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

1. Weak coupling

Gibbs state πt := πβ(Ht)

S 
y 
s 
t 
e 
m



Quantum work distribution

Assumptions:

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

1. Weak coupling
2. Markovianity

Gibbs state πt := πβ(Ht)

S 
y 
s 
t 
e 
m



Quantum work distribution

Assumptions:

⟨e−βλW⟩ = Tr[e−βλHT UT eβλH0 ̂ρ0 U†
T]

·ρt = ℒt [ρt]

lim
ν→∞

eνℒtρ = πt

Moment generating  
function

D 
y 
n 
a 
m 
i  
c 
s

1. Weak coupling
2. Markovianity
3. Detailed balance

Gibbs state πt := πβ(Ht)

S 
y 
s 
t 
e 
m



Average dissipation



Average dissipation

⟨Wdiss⟩ =



Average dissipation

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]



Average dissipation

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]

Drazin inverse of ℒt



Average dissipation

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]

If [πt,
·Ht] = 0

Drazin inverse of ℒt



Average dissipation

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]

·πt = − βπt ( ·Ht − Tr[ ·Htπt])

If [πt,
·Ht] = 0

Drazin inverse of ℒt



Average dissipation

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]

·πt = − βπt ( ·Ht − Tr[ ·Htπt])

If [πt,
·Ht] = 0

Drazin inverse of ℒt

Scandi, Perarnau, arXiv:1905.07328



Work fluctuations



Work fluctuations

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]



Work fluctuations

β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]



Work fluctuations

−β
T ∫ dt Tr [ ·Ht ℒ+

t [ ]]β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]



Work fluctuations

−β
T ∫ dt Tr [ ·Ht ℒ+

t [ ]]β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]
−β
2T ∫ dt Tr [ ·Ht ℒ+

t [ {πt, ( ·Ht − Tr[ ·Htπt])}]]



Work fluctuations

−β
T ∫ dt Tr [ ·Ht ℒ+

t [ ]]β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]
−β
2T ∫ dt Tr [ ·Ht ℒ+

t [ {πt, ( ·Ht − Tr[ ·Htπt])}]]

⟨Wdiss⟩ ≤
β
2

⟨σ2⟩



Generalised FDR



Generalised FDR

𝒬 =



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 =



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 = =
1
T ∫ dt 𝒥t(πt,

·Ht)



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 = =
1
T ∫ dt 𝒥t(πt,

·Ht)

{



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 = =
1
T ∫ dt 𝒥t(πt,

·Ht)

{= 0 If [πt,
·Ht] = 0



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 = =
1
T ∫ dt 𝒥t(πt,

·Ht)

{> 0
= 0 If [πt,

·Ht] = 0

otherwise



Generalised FDR

β
2

⟨σ2⟩ − ⟨Wdiss⟩𝒬 = =
1
T ∫ dt 𝒥t(πt,

·Ht)

{> 0
= 0 If [πt,

·Ht] = 0

otherwise

β
2

⟨σ2⟩ = ⟨Wdiss⟩
No coherence  
in the protocol 



Non Gaussianity



Non Gaussianity

log ⟨e−β(W−ΔF)⟩ = 0



Non Gaussianity

log ⟨e−β(W−ΔF)⟩ = 0 =
∞

∑
n=1

(−β)n

n!
κ(n)



Non Gaussianity

log ⟨e−β(W−ΔF)⟩ = 0 =
∞

∑
n=1

(−β)n

n!
κ(n)

β
2

⟨σ2⟩ − ⟨Wdiss⟩ =
∞

∑
n=3

(−β)n−1

n!
κ(n)



Non Gaussianity

log ⟨e−β(W−ΔF)⟩ = 0 =
∞

∑
n=1

(−β)n

n!
κ(n)

β
2

⟨σ2⟩ − ⟨Wdiss⟩ =
∞

∑
n=3

(−β)n−1

n!
κ(n)𝒬 =



Non Gaussianity

log ⟨e−β(W−ΔF)⟩ = 0 =
∞

∑
n=1

(−β)n

n!
κ(n)

β
2

⟨σ2⟩ − ⟨Wdiss⟩ =
∞

∑
n=3

(−β)n−1

n!
κ(n)𝒬 =

𝒬 > 0 Non Gaussian 
work distribution(coherence in the protocol) 



A simple illustration



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2 ·ρt = τ−1(πt − ρt)+



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2

β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt ·ω2

t ξ(ωt)

1
T ∫ dt ·ω2

t Λ(ωt)

·ρt = τ−1(πt − ρt)+



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2

β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt ·ω2

t ξ(ωt)

1
T ∫ dt ·ω2

t Λ(ωt)

·ρt = τ−1(πt − ρt)+



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2

β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt ·ω2

t ξ(ωt)

1
T ∫ dt ·ω2

t Λ(ωt)

·ρt = τ−1(πt − ρt)+

Classical



A simple illustration

Ht =
̂p2

2m
+

1
2

mω2
t ̂x2

β
2

⟨σ2⟩ =

⟨Wdiss⟩ =
1
T ∫ dt ·ω2

t ξ(ωt)

1
T ∫ dt ·ω2

t Λ(ωt)

·ρt = τ−1(πt − ρt)+

Classical

𝒬



Optimisation protocols



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt Tr [ ·Ht ℒ+

t [ ·πt]]

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

Λ ≥ ξ > 0•

λi

Hi

Hf

λj



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

Λ ≥ ξ > 0
• Symmetric
•

λi

Hi

Hf

λj

•



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

Λ ≥ ξ > 0
• Symmetric
•

• Smooth in {λ}

λi

Hi

Hf

λj

•
•



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

Λ ≥ ξ > 0
• Symmetric
•

• Smooth in {λ}

M 
e 
t 
r 
i  
c 
s

λi

Hi

Hf

λj

•
•



Optimisation protocols

H({λt}) = ∑
i

λi
t Xi

⟨Wdiss⟩ =
1
T ∫ dt ·λi

t ξi,j({λt}) ·λj
t

β
2

⟨σ2⟩ =
1
T ∫ dt ·λi

t Λi,j({λt}) ·λj
t

Λ ≥ ξ > 0
• Symmetric
•

• Smooth in {λ}

M 
e 
t 
r 
i  
c 
s

One can find optimal protocols by solving the 
geodesics equation 

λi

Hi

Hf

λj

•
•



Example: Pareto fronts



Example: Pareto fronts



Example: Pareto fronts



Example: Pareto fronts

Optimise: 𝒞α = α
β
2

⟨σ2⟩ + (1 − α) ⟨Wdiss⟩



Example: Pareto fronts

Optimise: 𝒞α = α
β
2

⟨σ2⟩ + (1 − α) ⟨Wdiss⟩



Example: Pareto fronts

Optimise: 𝒞α = α
β
2

⟨σ2⟩ + (1 − α) ⟨Wdiss⟩



Conclusions



Conclusions

Classical case Quantum case
Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩

Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩
β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩
β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Gaussian work 
distribution

Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩
β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Gaussian work 
distribution

Non gaussian work 
distribution

Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩
β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Gaussian work 
distribution

Non gaussian work 
distribution

Unique 
thermodynamic 

length

Quasistatic



Conclusions

Classical case Quantum case

β
2

⟨σ2⟩ = ⟨Wdiss⟩
β
2

⟨σ2⟩ = ⟨Wdiss⟩ + 𝒬

Gaussian work 
distribution

Non gaussian work 
distribution

Unique 
thermodynamic 

length

A continuous 
family of metrics

Quasistatic



Thanks for the attention!

arXiv:1905.07328


