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Classical thermodynamics
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Can we reverse the movie?
Ideal case

SystemBattery

H(t)

System follows direct trajectory ~Σ : Σi → Σf

SystemBattery

H(tf − t)

System follows reversed trajectory ~Σ: Σf → Σi with certainty
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Can we reverse the movie?
Realistic case
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System randomly disturbed by bath follows direct trajectory ~Σ
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System does not follow reversed trajectory ~Σ with certainty
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Central fluctuation theorem

Entropy production for a single trajectory

∆is[~Σ] = log
P[~Σ]

P̃[ ~Σ]

System at equilibrium at the start of direct and reversed transformations:

Central fluctuation theorem〈
e−∆is[~Σ]

〉
~Σ

=
∑
~Σ

P̃[ ~Σ] = 1

Second law of thermodynamics〈
∆is[~Σ]

〉
~Σ
≥ 0
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Isothermal transformation

Macroscopic

I Entropy production: ∆iS =
1

kBT
(W −∆F )

I Fundamental bound: W ≥ ∆F

Microscopic

I Entropy production: ∆is[~Σ] =
1

kBT

(
W [~Σ]−∆F

)
I Jarzynski’s equality:

〈
e−

1
kBT

W [~Σ]
〉
~Σ

= e−
1

kBT
∆F

juliette.monsel@neel.cnrs.fr 9 / 25



An autonomous machine to measure the arrow of time Reminders

Isothermal transformation

Macroscopic

I Entropy production: ∆iS =
1

kBT
(W −∆F )

I Fundamental bound: W ≥ ∆F

Microscopic

I Entropy production: ∆is[~Σ] =
1

kBT

(
W [~Σ]−∆F

)
I Jarzynski’s equality:

〈
e−

1
kBT

W [~Σ]
〉
~Σ

= e−
1

kBT
∆F

juliette.monsel@neel.cnrs.fr 9 / 25



An autonomous machine to measure the arrow of time Reminders

How to measure thermodynamic quantities for a
two-level system?

Two-level
system

Classical
operator

Thermal
bath

Q

L[ρ]

W

H(t)

Autonomous machine
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I System monitoring
I Bath monitoring

I Measurements of the battery
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How to measure thermodynamic quantities for a
two-level system?
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mechanical
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Thermal
bath

Q
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W

H

Autonomous machine
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I System monitoring
I Bath monitoring
I Measurements of the battery
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Platform: Hybrid optomechanical system

Two-level system

Mechanical oscillator

x = 0x > 0 x < 0

Strain-mediated coupling
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Platform: Hybrid optomechanical system

Reβ

(∝ x)

Imβ(∝ p)

•

Two-level system

Mechanical oscillator
Complexe amplitude β:

x = 0x > 0 x < 0

Strain-mediated coupling
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Model

Thermal bath

T

Battery System

Autonomous machine
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Heat exchanges
I Photons
I L[ρ] = γn̄ωD[|e〉〈g |]ρ+γ(n̄ω + 1)D[|g〉〈e|]ρ, D[X ]ρ = XρX †− 1

2{X †X , ρ}
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Model

Thermal bath

T

Battery System

Autonomous machine
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Work exchanges

H = ~ω0 |e〉〈e|+ ~Ωb†b + ~gm |e〉〈e| (b + b†)
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Glimpse on work exchanges

H = ~ω0 |e〉〈e|+ ~Ωb†b + ~gm |e〉〈e| (b + b†)

Battery in a coherent state: b |β〉 = β |β〉
ω

tf0
ω0

Reβ

(∝ x)

Imβ

(∝ p)

••
− gm

Ω
0

•β0

|g〉
|e〉

I Two-level system’s frequency ω modulated by battery
I Battery’s rest position depends on two-level system’s state
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Where do we come from?
Average energy exchanges:
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I Oscillator behaves like a battery
I Ultra-strong coupling regime gm & Ω: 〈W 〉 = −〈∆Em〉
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Where do we come from?
Average energy exchanges:
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I Oscillator behaves like a battery
I Ultra-strong coupling regime gm & Ω: 〈W 〉 = −〈∆Em〉

Where do we want to go?

I Extend this result to the single trajectory level

I Direct measurement of Jarzynski’s equality in a quantum
open system
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Quantum trajectories
ρ̇ = − i

~ [H , ρ] + L[ρ]
Quantum jump−−−−−−−−→

unraveling

Trajectory ~Σ of the hybrid
optomechanical system

Hybrid optomechanical system always factorized: ~Σ = (~ε, ~β[~ε ])

Two-level system: Eq(t) = ~ω(β(t))δε(t),e

ω(β) = ω0 + 2gm Reβ

0

Battery: Em(t) = ~Ω|β(t)|2

Reβ (∝ x)

Imβ (∝ p)

••
− gm

Ω
0

•β0

•
βΣ(tf )
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Stochastic work obtained by measuring the battery
W [~Σ] = −∆Em[~Σ] = ~Ω

(
|β0|2 − |βΣ(tf )|2

)
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Stochastic entropy production

Battery’s trajectories
(direct protocol)

∆is[~Σ] = log
P[~Σ]

P̃[ ~Σ]

Prescription for reversed trajectories ~Σ:

I Time reversal of unitaries

I Same stochastic map
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Stochastic entropy production

Battery’s trajectories
(direct protocol)

∆is[~Σ] = σ[~Σ] + ISh[~Σ]

σ[~Σ] = −∆Em[~Σ] + ∆F [~Σ]

kBT

∆F [~Σ] = kBT log

(
1 + e−~ω(β0)/kBT

1 + e−~ω(βΣ(tf ))/kBT

)

I Thermodynamic system:
two-level system

I Thermodynamic transformation:
out-of-equilibrium driving

I Result: Jarzynski’s equality
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Stochastic entropy production

Battery’s trajectories
(direct protocol)

∆is[~Σ] = σ[~Σ] + ISh[~Σ]

ISh[~Σ] = − log(pm[βΣ(tf )])

I Thermodynamic system:
whole hybrid system

I Thermodynamic transformation:
relaxation toward equilibrium

I Result: irreversible transformation
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Jarzynski’s equality

In the regime gm
Ω
� |β0|: I

〈
e−σ[~Σ]

〉
~Σ

= 1

I Oscillator equivalent to external drive

Realistic parameters: γ/Ω = 5, T = 80K, ~ω0 = 1.2kBT
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Experimental error modeling

Re β and Im β known with a precision of ±δβ

Reβ ∝ x

Imβ ∝ p

•2δβ
β0

ReβMΣ

ImβMΣ

2δβ

gm/Ω

•
(|β0|, 0)

Measured entropy production: σM[~Σ] = −∆EMm [~Σ] + ∆F

kBT
with ∆EMm [~Σ] = ~Ω(|β0|2 − |βM

Σ |2)
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Mutual information and Jarzynski’s equality

I [βf, β
M] =

∑
βf,βM

p(βf, β
M) log

(
p(βf, β

M)

pm[βf]pm[βM]

)
M

Realistic parameters: δβ = 2, γ/Ω = 5, T = 80K, ~ω0 = 1.2kBT , 2gm|β0|/2π = 600 GHz
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Jarzynski’s equality can be probed if δβ � gm/Ω� |β0|
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Relaxation toward equilibrium

Thermal bath

T

Battery System

Autonomous machine

∆is[~Σ] = log
P[~Σ]

P̃[ ~Σ]
= σ[~Σ] + ISh[~Σ]
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Average entropy production

∆is[~Σ] = log
P[~Σ]

P̃[ ~Σ]
= σ[~Σ] + ISh[~Σ]
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Conclusion

Hybrid optomechanical systems are promising set-ups to explore
trajectory thermodynamics:

I Battery’s energy fluctuations equal work fluctuations

I Jarzynski’s equality directly measurable in a open quantum
system with a realistic experimental platform

juliette.monsel@neel.cnrs.fr 24 / 25



An autonomous machine to measure the arrow of time

Thank you for your attention!

Further reading: npj Quantum Information 4, 59 (2018)
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Absolute irreversibility

Reβ
(∝ x)

Imβ
(∝ p)

••

|e〉

|g〉 |e〉

|g〉

− gm
Ω

0

β0

βg

βe

Generalized integral fluctuation theorem〈
e−∆is[~Σ]

〉
~Σ

=
∑
~Σ

P̃[ ~Σ] = 1− λ < 1
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Quantum jump operators

I Master equation: ρ̇(t) = − i
~

[H, ρ(t)] + γn̄ω(β0(t))D[σ† ⊗ 1m]ρ(t)

+ γ
(
n̄ω(β0(t)) + 1

)
D[σ ⊗ 1m]ρ(t).

D[X ]ρ = XρX † − 1
2
{X †X , ρ}, n̄ω =

1
exp(~ω/kBT )− 1

,

ω(β) = ω0 + 2gm Reβ and β0(t) = β0e−iΩt

I Unraveling:

Direct protocol

J0(t) = 1qm −
i∆t

~
Heff(t)

J−1(t) =
√
γ∆t(n̄ω(β0(t)) + 1) σ ⊗ 1m

J+1(t) =
√
γ∆tn̄ω(β0(t)) σ

† ⊗ 1m

Reversed protocol

J̃0(t) = 1qm +
i∆t

~
H†eff(t)

J̃−1(t) = J+1(t)

J̃+1(t) = J−1(t)

Heff(t) = H − i ~2 (J†+1(t)J+1(t) + J†−1(t)J−1(t))
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Trajectory probabilities

Trajectory ~Σ = (ΨΣ(t0), ...,ΨΣ(tN)) with
|ΨΣ(tn)〉 = |εΣ(tn)〉 ⊗ |βΣ(tn)〉

P[~Σ] = p∞β0 [εΣ(t0)]
N∏

n=1

P[ΨΣ(tn)|ΨΣ(tn−1)]

P̃[ ~Σ] = pm[βΣ(tN)]p∞βΣ(tN)[εΣ(tN)]
1∏

n=N

P̃[ΨΣ(tn−1)|ΨΣ(tn)]

p∞β [ε] =
e−~ω(β)/kBT

1 + e−~ω(β)/kBT
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Work and Heat

Average quantities with an external drive:〈
Ẇ
〉

= Tr
(
ρḢ
)
and

〈
Q̇
〉

= Tr(ρ̇H)

Energy variation δEq[Σ, tn] of the two-level system during the time
step [tn, tn+1]:

I No jump evolution: work exchange
w [Σ, tn] = ~(ω(βΣ(tn))− ω(βΣ(tn+1))) = −δEm[Σ, tn]

I Quantum jump: heat exchange q[Σ, tn] = ±~ω(βΣ(tn))

Total work and heat exchanged along the trajectory ~Σ:

W [~Σ] =
N−1∑
n=0

w [Σ, tn] and Q[~Σ] =
N−1∑
n=0

q[Σ, tn]
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Other hybrid optomechanical systems

Superconducting qubits embedded in
oscillating membranes

J.-M. Pirkkalainen et al., Nature, 494,
p. 211–215 (2013)

NV defect coupled to a nanowire with a
magnetic field gradient

W tip

SiC

nanowire

NV

defect

Microwave

antenna
Magnetic

gradient source

Confocal

microscope

Pump

O. Arcizet et al., Nature Physics, 7, p.
879–883 (2011)
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