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“Gibbs’ trick”: Assign canonical ensemble.

“macrostate” “microstate”

:=
e
��(e)H

Tr(e��(e)H)
2 (e,H){⇢ : Tr(⇢H) = e} =: (e,H) �! �e(H)

Gibbs’ trick

Why does this work?



Why the canonical ensemble?

• Complete Passivity: 

CEs is only family of microstates from 
which no work can be extracted.  

• Jaynes’ Principle (Max-Ent): 

Out of microstates compatible with information 
should assign the one with maximal entropy.

• (Canonical) Typicality:  

Vast majority of microstates compatible with coarse-grained 
information behaves like can. ensemble wrt property of interest.

VµHaar
[{| i 2 Hmc | D(TrS̄(| i h |), �S) � ✏}]

VµHaar
[{| i 2 Hmc}]

 ✏0

[Popescu et al., Goldstein et al., ’06]



Provide a novel way to motivate Gibbs’ trick that is 
independent of any measure or Jaynes-like reasoning:  

The states that can be reached thermodynamically from a 
macrostate are exactly those that can be reached if the 
initial state was the corresponding canonical ensemble. 

Thermodynamically, any macrostate is operationally 
equivalent to its corresponding canonical ensemble.

This talk



Idea

2. Compare via reachable state sets

⇢
mic.�! ⇢f

?, (e,H)
mac.�! ⇢f

<latexit sha1_base64="MhC9JEyax1p8AHpaIwZhsoYCVdc="></latexit>

3. Find “operational equivalence”

�e(H)
mic.�! ⇢f , (e,H)

mac.�! ⇢f
<latexit sha1_base64="Hqj4VocmH9z3aItY06xjhzIaOzw="></latexit>

1. Two models of thermodynamic transitions

“theoretical setting” “lab setting”

(e,H)⇢f ⇢f⇢ Omac.
<latexit sha1_base64="Zjehd5rphskPVDq7+Q4UQH3alCU=">AAACM3icdVDLSsNAFJ34rPXV6tJNsAiuQlIFXRbduLOCfUAbwmQ6aYfOJGHmRikhn+JWv8CPEXfi1n9w0mZhUzwwcDjnXu6Z48ecKbDtD2NtfWNza7uyU93d2z84rNWPuipKJKEdEvFI9n2sKGch7QADTvuxpFj4nPb86W3u956oVCwKH2EWU1fgccgCRjBoyavV7710KDBMpEgFJlaWebWGbdlzmKvEKUgDFWh7daM6HEUkETQEwrFSA8eOwU2xBEY4zarDRNEYkyke04GmIRZUuek8e2aeaWVkBpHULwRzrv7dSLFQaiZ8PZnHVGUvF//zYCKWrqe+xFMKJc0XpYgQXLspC+MEaEgWCYOEmxCZeYPmiElKgM80wUQy/UmTTLDEBHTPuj2n3NUq6TYt58JqPlw2WjdFjxV0gk7ROXLQFWqhO9RGHUTQM3pBr+jNeDc+jS/jezG6ZhQ7x2gJxs8vKMCrIQ==</latexit>

Omic.
<latexit sha1_base64="fDzxsVsiO9JBSnUcvVsmNFIGLhw=">AAACM3icdVDLSsNAFJ34rPXV6tJNsAiuQlIFXRbduLOCfUAbwmQ6aYfOJGHmRikhn+JWv8CPEXfi1n9w0mZhUzwwcDjnXu6Z48ecKbDtD2NtfWNza7uyU93d2z84rNWPuipKJKEdEvFI9n2sKGch7QADTvuxpFj4nPb86W3u956oVCwKH2EWU1fgccgCRjBoyavV7710KDBMpEgFI1aWebWGbdlzmKvEKUgDFWh7daM6HEUkETQEwrFSA8eOwU2xBEY4zarDRNEYkyke04GmIRZUuek8e2aeaWVkBpHULwRzrv7dSLFQaiZ8PZnHVGUvF//zYCKWrqe+xFMKJc0XpYgQXLspC+MEaEgWCYOEmxCZeYPmiElKgM80wUQy/UmTTLDEBHTPuj2n3NUq6TYt58JqPlw2WjdFjxV0gk7ROXLQFWqhO9RGHUTQM3pBr+jNeDc+jS/jezG6ZhQ7x2gJxs8vNsirKQ==</latexit>
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1. Bath states:

2. Evolution: 

S and E evolve unitarily,  
such that total  

average energy and entropy  
preserved

Microstate Operations
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Macrostate Operations



� =
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2. Evolution: 

S and E evolve unitarily,  
such that total  

average energy and entropy  
preserved
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1. Bath states:

(e�(HEi), HEi),

e�(HEi) := E(��(HEi))

Macrostate Operations
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Macrostate Operations

(e,H)
��mac.�! ⇢f
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Macrostate Operations

⇢ = |EihE|
<latexit sha1_base64="BNsV8QSJOrTGYRLYnCncbKiRulQ=">AAACQ3icdZDLSgMxFIYz3q23VpduUovgqsyooBuhKAWXFawKTimZ9LQNTTJDckYoU9c+jVt9Ah/CZ3AnbgXTy8JW/CHw8Z9zyDl/lEhh0fffvbn5hcWl5ZXV3Nr6xuZWvrB9Y+PUcKjzWMbmLmIWpNBQR4ES7hIDTEUSbqPexbB++wDGilhfYz+BhmIdLdqCM3RWM18MTTemZ3RAqzQ0THck0LBIQznGKh008yW/7I9E/0IwgRKZqNYseLmwFfNUgUYumbX3gZ9gI2MGBZfwmAtTCwnjPdaBe4eaKbCNbHTLI913Tou2Y+OeRjpyf09kTFnbV5HrVAy7drY2NP+rYVdN/Z5FhvUAZ7xIzayI7dNGJnSSImg+3rCdSooxHSZKW8IAR9l3wLgR7kjKu8wwji53l14wm9VfuDksB0flw6vjUuV8kuMK2SV75IAE5IRUyCWpkTrh5Ik8kxfy6r15H96n9zVunfMmMztkSt73D0P6r2Q=</latexit>

⇢ = �e(H)
<latexit sha1_base64="Uc33FWR46bMyEjI0ULAXjhJ2o+c=">AAACNHicdVDLSgNBEJyN7/hK4tHLYBD0EnajoBdB9JJjBKOCCaF30kmGzOwuM71iWPIrXvUL/BfBm3j1G5w8DhqxYKCo6qZrKkyUtOT7b15uYXFpeWV1Lb++sbm1XSiWbmycGoENEavY3IVgUckIGyRJ4V1iEHSo8DYcXI792wc0VsbRNQ0TbGnoRbIrBZCT2oVS0/RjfsabPdAa2nhQO2wXyn7Fn4D/JcGMlNkM9XbRyzc7sUg1RiQUWHsf+Am1MjAkhcJRvplaTEAMoIf3jkag0baySfgR33dKh3dj415EfKL+3MhAWzvUoZvUQH07743F/zzq61/Xs9DAAGlOC/VcROqetjIZJSlhJKYJu6niFPNxhbwjDQpSQ0dAGOk+yUUfDAhyRbv2gvmu/pKbaiU4qlSvjsvnF7MeV9ku22MHLGAn7JzVWJ01mGCP7Ik9sxfv1Xv3PrzP6WjOm+3ssF/wvr4Bh8qqJw==</latexit>

(e,H)
<latexit sha1_base64="CIMN24yToBp6zPa+wb221v+n8uc=">AAACJXicdVBdSwJBFJ3t0+xL67GXJQkMQnYtqEepFx8NWhV0kdnxqoMzu8vM3UAWf0Ov9Qv6Nb1F0FN/pVH3IZUODBzOuZd75gSx4Bod59va2Nza3tnN7eX3Dw6PjgvFk6aOEsXAY5GIVDugGgQPwUOOAtqxAioDAa1g/DDzW8+gNI/CJ5zE4Es6DPmAM4pG8spwVb/sFUpOxZnDXiduRkokQ6NXtPLdfsQSCSEyQbXuuE6MfkoVciZgmu8mGmLKxnQIHUNDKkH76Tzt1L4wSt8eRMq8EO25+ncjpVLriQzMpKQ40qveTPzPw5Fcup4Gio4BV7RArkTEwZ2f8jBOEEK2SDhIhI2RPevM7nMFDMXEEMoUN5+02YgqytA0a9pzV7taJ81qxb2uVB9vSrX7rMccOSPnpExccktqpE4axCOMcPJCXsmb9W59WJ/W12J0w8p2TskSrJ9fxgikwA==</latexit>
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Same: 
- Fixed bath temperature 
- Unitary Evolution 
- Average energy preservation 
- No initial correlations 
- Final state is Microstate

Different: 
- Initial states 
- Constraint on Unitary

Comparing the two



(e,H)
��mac.�! ⇢f , ⇢

��mic.�! ⇢f

(e,H) ⇠� ⇢

Operational Equivalence

:=
<latexit sha1_base64="aBJwlbS0a1l3SoXPLuUuf8PKgHE=">AAACInicdVDLSgMxFM3UV62vVpdugkVwVWaqoAhC0Y3LKvYBbSmZNNOGJpkhuSOUoX/gVr/Ar3EnrgQ/xrSdhZ3igcDhnHu5J8ePBDfgut9Obm19Y3Mrv13Y2d3bPyiWDpsmjDVlDRqKULd9YpjgijWAg2DtSDMifcFa/vhu5reemTY8VE8wiVhPkqHiAacErPR4fdMvlt2KOwdeJV5KyihFvV9yCt1BSGPJFFBBjOl4bgS9hGjgVLBpoRsbFhE6JkPWsVQRyUwvmUed4lOrDHAQavsU4Ln6dyMh0piJ9O2kJDAyWW8m/ufBSC5dT3xNxgwymi8zESG46iVcRTEwRRcJg1hgCPGsMDzgmlEQE0sI1dx+EtMR0YSCrdW252W7WiXNasU7r1QfLsq127THPDpGJ+gMeegS1dA9qqMGoihAL+gVvTnvzofz6XwtRnNOunOEluD8/AIdOqPv</latexit>



Main Result

“The canonical ensemble is the one and only 
microstate that encodes the possible 

thermodynamic state transitions of a system 
whenever one only has partial information 

about system, bath and evolution.”

(e,H) ⇠� �e(H), 8 e,H,� > 0

Theorem
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eβ HE

eβ HE

eβ HE

eβ HE

eβ HE
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Key Lemma

9⇢f :
NO

l=1

(e,H)
�-mac! ⇢f s.t. trl(⇢f )

N!1�! �e(H).

. . .

. . .�e(H) �e(H) �e(H) �e(H)

⇢(1) ⇢(2) ⇢(3) ⇢(N)

U

Proof Sketch



Second Law

(e,H)
�-mac! ⇢f , FS(�e(H)) � FS(⇢f ).

(e,H)
�-mac! �e(H)

Clausius Inequality

(e,H)
�-mac! (e,H) , �Q  T�S

�W  �FS , FS := �ES � T�SS

Work extraction

cf. Skrzypczyk et al., Nat. Comm. 5, 4185 (2016)

Re-deriving phenomenological TD



Discussion

Do we cheat by letting bath have thermal energy?

(HE ,�) 7! f(HE ,�)
<latexit sha1_base64="AvFklTyUMpysLHEFOGVOKuU4Duo=">AAACQ3icdZDLSgNBEEV7fBtfUZduWoOgIGFGBV0GRXCpYGLAhFDTqTFNumeG7hohDFn7NW71C/wIv8GduBXsPBYa8ULD5VQVXXXDVElLvv/mTU3PzM7NLywWlpZXVteK6xs1m2RGYFUkKjH1ECwqGWOVJCmspwZBhwpvw+75oH77gMbKJL6hXopNDfexjKQAcqhV3N67bF0c8EaIBPu8oSG1lPBoSEewVSz5ZX8o/tcEY1NiY1211r1Co52ITGNMQoG1d4GfUjMHQ1Io7BcamcUURBfu8c7ZGDTaZj68pc93HWnzKDHuxcSH9OdEDtrang5dpwbq2MnaAP5Xo47+9XseGugiTbBQT6xI0Wkzl3GaEcZitGGUKe5yGiTK29KgINVzBoSR7kguOmBAkMvdpRdMZvXX1A7LwVH58Pq4VDkb57jAttgO22MBO2EVdsmuWJUJ9sie2DN78V69d+/D+xy1TnnjmU32S97XNydvr1c=</latexit>

Any choice other than f(HE ,�) = E(��(HE))
<latexit sha1_base64="9h0ZlwDygiJHnSjvMr99k9T2TwQ="></latexit>

would
trivialise the operations.



Exact commutation instead of average preservation. 

  [U,HS +HE ] = 0

Operational equivalence breaks down!

H 6= 0,� < 1 ) 9 e s.t. (e,H)
c⌧� �e(H)

NB: Is recovered locally in thermodynamic limit. 

Stronger setting: Unitary commutes



Can generalise all of this to the case of any set 
of commuting observables (GGEs).

(v,Q) ⇠� �v(Q)

�v(Q) :=
e�

P
j �j

S(v)Qj

tr(e�
P

j �j
S(v)Qj

)

cf. Guryanova et al./Yunger-Halpern et al., Nat. Comm. 7, 12049/12051 (2016)

Generalisation to GGE setting



• Provided novel justification for use of canonical ensembles in 
(quantum) statistical mechanics by showing operational equivalence 
wrt possible thermodynamic transitions. 

• Re-derive phenomenological TD without assuming can. ensemble. 

• Operational equivalence breaks down for exactly commuting case. 

• Can be generalised for commuting observables.

Summary

Thanks


